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Some Impulsive Rendezvous Trajectories and their
Possible Optimality

J. P. PELTIER*
Princeton University, Princeton, NJ.

Two- and three-impulse trajectories are investigated for fixed-time, fixed-angle rendezvous between vacant
circular coplanar orbits, for trip angles less than, or equal to 2n in magnitude. For two-impulse trajectories, general
features of the characteristic velocity function are outlined. Parameters of the intermediate orbit are reviewed.
Attention is given to limiting cases. Computation of the adjoint system helps to define the domain of possible
optimality for such trajectories: it is a closed domain in the trip time, trip angle plane. Waiting periods on terminal
orbits are considered. The domain of possible optimality is defined using Lawden's primer vector theory. This
domain extends to infinity if the radius ratio of terminal orbits is less than 15.6. Three-impulse trajectories are tried
in cases where two-impulse trajectories, with or without coast, have been found nonoptimal. Improvements on the
characteristic velocity are thus obtained.
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Nomenclature

= Hohmann trajectory
= thrust or impulse
= coast, including zero complete revolution
= optional coast with unprecised number of revolutions
= two-impulse trajectory
= two-impulse trajectory with optional terminal coast
= center of inverse-square gravitational field
= domain of possible optimality for n-impulse trajec-

tories
= domain of possible optimality for n-impulse + terminal

coast trajectories

=energy
= eccentricity
= gravity gradient matrix
= Hamiltonian = A • x — A • x
= angular momentum
= performance index, equal to the characteristic velocity

Au
= out-of-plane unit vector
=integer
= magnitude of the primer vector = (A-A r)1 /2

= radius of the inner circular terminal
= radius of the outer circular terminal
= distance from departure to arrival point =

(r1
2 + r2

2-2r1r2cos(/))1/2

= current time
= velocity, in rectilinear cases
= position vector
= characteristic velocity
= total trip angle, counted planetwise
= primer vector
= out-of-plane component of vector AAx — AAx
= gravitational constant
= radius ratio = r2/rl ^ 1.
= total trip time
= true anomaly, counted planetwise from pericentron
= thrust impulse, counted counter-planetwise from local

horizontal
= angular velocity = 6

Subscripts
m
P
r
1,2

= minimum characteristic velocity
= parabolic intermediate trajectory
= radial intermediate trajectory
= inner, outer terminal impulse
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Introduction

INCREASING remoteness of space exploration objectives and
increasing sophistication of space probes are factors that

enhance interest in controlled space trajectories, among which
impulsive trajectories are of prime practical and theoretical
importance. The work presented here is directed primarily
toward possible interplanetary applications. In such a case it is
not possible to contemplate neighboring terminal orbits (thus,
the problem will be nonlinear) and multiple-loop trajectories
can be, in a first approach, barred from consideration (mainly
for reason of trip time, although infinite trip times will be
considered here for completeness). Thus, the problem is that of
nonlinear rendezvous (and not transfers) which means, except
for a few simple cases, that a closed-form analysis is not
available and numerical methods are used. This is true not
only for the determination of candidate trajectories but also
for the study of their possible optimality.

A basic problem arising in the computation of rendezvous
trajectories is the Lambert's problem,1! which is, by now, well
known. An introduction to it can be found in Breakwell
et al.,2 or Jordan.3 Numerical methods have been developed
by Pines,4 Battin,5 and other authors. An interesting feature
of the problem is the uniqueness of the solution providing
that the intermediate coasting arc does not duplicate state
variables (i.e. has less than one period). This copes very well
with what has been said above about multiple-loop trajectories
where the trip angle is restrained to be <D| ^ 2n. It ensures
that one two-impulse trajectory exists for any set of the
variables x, (/>, p. This is why two-impulse trajectories can be
extensively scrutinized. In order to keep the number of indepen-
dent parameters down to three, terminal orbits have been chosen
to be circular and coplanar.

The present work can be regarded as being in three dif-
ferent, although unequal, parts.

1) A complete description of two-impulse TC0 T trajectories
is given. This includes parameters of the intermediate orbit (an
extension to Jordan's3 work on the energy) and the characteristic
velocity. (It cannot be directly compared to Break well's results2

which assumed inclined and elliptic terminals.)

f Reference 1 can be seen at (or copies purchased from) Biblio-
theque Nationale Paris, under number 8° R22039 (133).
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2) Lawden's primer vector6 is computed along all two-
impulse TC0T trajectories and a large set is identified as
nonoptimal. Conversely, what is left is a "possible optimality
domain" (P0)2, which is closed in the plane p = const, and
extends to negative trip angle TC0T trajectories. At this point
the possibility of terminal coast is introduced at both ends of
two-impulse TC?T trajectories. The corresponding domain of
possible optimality, (PO)2 + , is defined. It completes the (PO)2
domain but does not overlap, as when terminal points have a
nonzero mass.7 This part is a direct extension of Handelsman's
work.8

3) Three-impulse trajectories are tried for some of the cases
where (C)TC0T(C) trajectories have been recognized as non-
optimal. Although this work did not benefit by the determining
improvement presented by Lion and Handelsman9 for multi-
impulse trajectory optimization, a good evaluation of three-
impulse TC0TC0T characteristic velocities is obtained. But the
possible optimality domain (PO)3 could not be defined, and this
step is a prerequisite in order to find out the maximum
number of impulses for all rendezvous, a problem which is
solved in the linear case but not in the general case.

Results presented here are coherent with other well known
results on impulsive rendezvous,10'11'12 but comparisons cannot
be readily made because, on the one hand, these works deal with
the linear case [i.e., with our notations, when p -> 1 and
(/) ~ (co, +co2)i/2]. Prussing's study10'11 corresponds to "small"
values of 0 (from 0 to 4n), whereas Marec's study12 corresponds
to even larger trip angles. On the other hand, the present non-
linear problem exhibits new features when p -» 1. (This case is
currently under examination.) Except when noted, numerical
results correspond to p = 1.52 (i.e., Earth-Mars rendezvous).

, ^(degrees) E=E mini mum

Fig. 1 Nature of
Lambert's solutions

(after Jordan3).

-90
=£minimum

to scale for r2=1.52r1

which separates hyperbolic coasting arcs (T < tp) from elliptic
coasting arcs (T > ip). Coasting arcs corresponding to negative
0 are symmetric to solutions for equal positive 0 upon the radius
0-departure point. So, £(T, — 0) = E(i, 0) and when 0 -> 0, h -> 0,
the whole coasting arc lies upon this radius,13 with r(t) = rr This
kind of radial trajectory is found again on the planes |O| = 2n,
but then r(t) may be ^rx and the mobile point bounces upon
the center O of the field. For T -> 0, hyperbolic transfers approach
their asymptotes: E ->• oo and the trajectory can be described by
either one segment of straight line (JO| < TT), or by two segments
issuing from 0 (|O| > n). Velocities along such arcs tends to
infinity as (r2 — r^/r or (r2 + r1)/i. For T-» oo, £->0~ and the
mobile point goes away to infinity and back along a parabolic
coasting arc. For a given set of r1? r2, the energy takes its mini-
mum value, — fJL/r2, on 3 different points such that 0 = — 2n, 0,
+ 27L The curve E(r,0 > 0) = EH = — Mri + r2) *s symmetric
upon point H, as each curve £(T, 0 > 0) is symmetric upon some
point of the axis 0 = n. The eccentricity e is 1, not only when
E = 0, but also when h = 0, which makes two closed contours
(0 _ 0, 0^0) inside which curves e(t, 0) = const close in on
themselves around a minimum value eH = (r2 — r1)/(r2 + r1). The
symmetry for 0 > 0 and 0 < 0 gives ^(T, — 0) = — #1(1,0);
therefore, as when 0->0+, 0X -> +TT, when 0-»0~, 0A -> -TL
For any value of 0 other than 2kn, 6^(1,0) is monotonically
increasing with T toward an asymptotic value.

It can be noted that for a given set E, e and under the
obvious condition that rmin (E, e) = r1 = r2 = rmax (£, e), the orbit
thus defined intersects in two points each of the circles r = r1?
and r = r2. There are four possible combinations of departure
and arrival points, for a given sign of 0 and for E < 0, there-
fore four set of (T, 0). The number of trajectories is reduced to
two if rmax = r2 or rmin = r, and to one if both conditions are
obtained (Hohmann trajectory). Similarly, if E > 0 there are two
possible trajectories, merging if rmin = rv Let TO and 00 cor-
respond to the shortest trip time, shortest trip angle trajectory
among those. With TO = t2 - tv t = 0 at pericentron of the orbit,
and a = semimajor axis, other trajectories correspond to

traj 2 only other solution for £ g 0
» = 00 + 201

traj 4

traj 1 being TO, 00. These points are the only intersection of
constant E and constant e curves, and for 6, = 0 or
Ql + 0 = ft, rmin = r, or rmax = r2 and the curves are tangent to
each other.

Characteristic Velocity of Two-Impulse Trajectories
The characteristic velocity is defined as

A»=

Geometry of Two-Impulse Trajectories
This section discusses briefly, prior to examination of the

characteristic velocity and possible optimality of two-impulse
TC0T trajectories, the nature and parameters of the correspond-
ing intermediate arcs. As recalled previously, there is a unique
TC0T trajectory for a given set of data T, 0, p. Thus, results in
this section do not depend upon terminal velocities (although a
discussion for p = const is directed toward circular terminals).
Jordan,3 in his examination of the energy of Lambert's solutions
(Fig. 1) already gave much concerning the nature of these
trajectories. A few precise examples will be given. Parabolic
coasting arcs can be found, for finite trip times, on a single surface

3)3/2 - - r 3/2 sn

and depends upon terminal velocities. Some special cases will
be reviewed first. When T -> 0, At? -> oo as 2r3/T which is mini-
mum, for a given T, when 0 = 0. For radial trajectories, let
v2 be substituted for x2 ~. As dv2/d-c < 0, u2 can replace T as the
independent variable describing solutions. The characteristic
velocity is At;r = [i;22 + /z(3r2-2r1)/r1r2]1/2 + (t;2

2 + )U/r2)1/2. It
has a derivative dAv2/dv2 of the sign of v2, and reaches a mini-
mum Ai;rm when v2 = 0 (i.e., when E = £min; corresponding trip
times are
0 = 0: = r 3/2f

Arctan(r2/r1-l)1/2]/(2Ai)U/2

When T -» oo, Aur increases toward an asymptotic value
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For parabolic transfers, the initial anomaly can be written as
91 = 2 Arctan({sin(/>-[2(l-cos(/>)/p]1/2}/(l-cos(/>))

and, with 02 = 9^ + 0, the characteristic velocity is

For positive values of </>, this function takes a minimum value

when (/> = Arcos (2/p — 1). It can easily be verified that At; (0) =
At?p(±27c) = Ai?pp and At;p(- |O|) = 2At>rp- Awp(|O|). Note that as
At; ($) is not constant, there are curves AI?(T, $) = J intersecting

Fig. 2 Asymptotes
for equal charac-
teristic velocity curves

(not to scale).

Because terminal velocities are circular velocities, the charac-
teristic velocity is the same for the two or four trajectories
defined at the end of the previous section, Therefore, the same
curve AU(T, <£) = J passes through the corresponding points and
intersects there a definite set of curves E(i, </>) = const and
e(i, $) = const. Moreover, that curve is tangent to these when
O^T, (£>) = 0 or 02(T, (/>) = n. Let us consider a curve AU(T, 0) = J v
intersecting the locus £(T, (/>) = 0 at point TO*, 00*, with, at this
point (dE/di)+ = kv (dE/d<t>\ = /c2, (dAi>/0T), = /p (dAt;/cty)T = /2.
Let /c3

2 = /c^ + fc/ and note that /3 = I2k1-I1k2 ^ 0 as the
two curves intersect. Let trajectory 1 defined at the end of the
last section be some point of the curve AI;(T, 4>) = Jlt close to the
locus E(i,(j)} = 0, i.e., such that £(TO,</>O) = -e with 0 < £ <^ 1
(Fig. 2). The corresponding trajectory 4 is found for
T = 25/27r^3/2e~3/2-T0, (t) = 2n-(t)0 where TO and 00 can be
expressed as TO ̂  Tc^ + ̂ aVa and $0 = ^o* ~~ 'i ̂ aW's f°r £

small enough. When £ -* 0, <j> -> 2n-(j)0* while T -» oo, therefore,
the curve AU(T, cj)) = J1 has an horizontal asymptote in the plane
T, $ and

limT^ ̂  At;(r, 0) = At;(£ = 0,2n - 0) = Avp(2n - (/>)
The remainder of the present section is devoted to a qualitative

description of the behavior of AZ;(T, 0) function (Fig. 3). In order to
simplify this discussion, 0 will be regarded as defined modulo
47t. This is justified, as &v(T,2n) = AI;(T, —2n). For p > 1, the
Hohmann transfer is a minimum for the characteristic velocity
of TC0 T trajectories and there are necessarily some closed
contours AI?(T,$).= J around this point. This holds for At;H <
J < Avpm. For all other values of J the contours are open: for
instance, on the other end of the range of values for J, when
J ^ 2&vrp—Avpm = max [Az;?(</>)], corresponding curves lie
entirely in the E > 0 domain and they go to infinity in both
directions of positive and negative </>; and for At?pm ^ J < 2At;rp—
At;pm, that is for the range of values covered by At?p((/>), contours
have two asymptotes in the T direction. When J -> At; these
two asymptotes merge into one, located at <p — 2n—
Arcos (2/p—1). For J < At?rp, the asymptotes are such that
0 < 4> < 2n, while for J > At;rp they correspond to — 2n < 0 < 0.
Moreover, if J < At;rOT < Aurp, the whole contour lies in the
0 < (j> < 2n domain. The last characteristic feature of the Ai;
function is to present a saddle point behavior for <j> = — 2n,
T = TH. This point, noted H, corresponds to a retrograde bi-
tangent ellipse as intermediate orbit, the characteristic velocity
being At>e = (Ai/r1)1/2 + (^/r2)1/2 + [2Mr1 + r2)]1/2(p1/2 + p-1/2).
Therefore, there are values of J (Ai;c < J < 2Aurp—At?pm) for

Fig. 3 Function AU(T,.(/)). (EMOS = Earth mean orbital speed
normalized to the initial velocity).

which the contours are not connected. They split into two distinct
branches, one having two asymptotes in the T direction, the other
going to infinity in the positive and negative <p directions.

A final remark will be to point out that for a set of TC0 T
trajectories such that p > 1.25 and the initial (final) thrust angle
i/^jr, </>) [^2(T, </>)] remains constant, the minimum At; is obtained
for a vanishing final (initial) thrust angle. But iA2(t,0) = 0<=>
02(r, (/>) = n [^(T, 4>) = Oo O^T, 4>) = 0] and the curve 1/̂ (1, (/>) =
const (i/^2 = const) is tangent to AI?(T, (/>) = J at the same point
where At; = J is tangent to the curves of constant E and e.

Adjoint System of Two-Impulse Trajectories
Along coasting arcs, adjoint variables can be expressed in

closed form (Lawden,6 Lion and Handelsman9), which leaves, for
a given orbit, four constants to be determined in the planar
analysis. Here, the determination is made by using two necessary
conditions of optimality, i.e. the primer vector A has to be in the
direction of impulses and has to have a unit magnitude at
impulse times (four conditions). Therefore, the only necessary
conditions that can be violated on a coasting arc are 1) primer
magnitude p(t) ^ 1. for all t's and 2) A continuous at both ends
of the arc. For a two-impulse TC0 T trajectory, only the first
one of these conditions holds, so it will be the only test of
possible optimality. But, if the problem is so easily set, a well
defined p(t) being attached to any TC0 T trajectory, it is not
solved, yet. Even though the required constants could be
formally expressed in terms of T, 0 and p (which they are not),
for the general case, maxima for p(t) cannot be expressed before-
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H=-0.06

Fig. 4 The variational Hamiltonian H(i, </>).

hand and p(t) has to be numerically investigated. (The only
attractive case is that of a circular transfer orbit for which
\(t) is much simplified.)

Before undertaking the checking of p(t), the behavior of two
adjoint variables of special interest will be reviewed. The varia-
tional Hamiltonian which is associated with T, and Afl, adjoint
variable associated to ^. The first one, which can be written as
— [dAr(T, <t>)ldi~\p vanishes when Au is stationary with respect to
T, for a given (/>. Figure 4 describes H(i,(j)). Note how
H(i, 0) = 0 passes through the Hohmann point and through the
points of minimum energy E. The second can be written as
[5At?(T, 0)/d</>]T and vanishes when Ai; is stationary, with respect
to 0, for a given trip time. Figure 5 shows ^e(i, 4>). Along the lines
A0 = 0 the nature of the behavior of Ai;(rgiven, </>) is indicated. Of
course, H is of particular importance in the approach of open-
time, fixed-angle transfers while Ae is related to fixed-time, open-
angle problems. Both variables enjoy the property of being
constant along the whole of any optimal multiple impulse
trajectory. Anyhow, in this particular case of TC0 T trajectories,
they are uniquely defined [through A(r)] for any trajectory,
optimal or not.

The expressions of H and A0 given above show that
grad [Ay(T, (/>)] = ( —H,A0); therefore, a vector tangent to the
curve AI?(T, 0) = J is given by (A0, H) and the slope of the tangent,
in (T,(/>) axis, is H/Afl. This quantity is related to the sign of p(t)
at impulse points.8 This relation can be expressed by

a) if le ̂  0 and H-CDI Ae ^ 0, then p(t t) ^ 0
b) if H ̂  0 and H- w2 ̂  ^ 0, then p(t2) ^ 0

where cot = [/Vr£
3]1/2. As pftj = p(t2) =. 1, it comes immediately

that if ptti) > 0, or p(t2) < 0, or both, max [p(t)] > 1 and the
trajectory can be declared nonoptimal without any further com-
putation. Therefore, conditions a and b can be regarded as
simplified necessary conditions for possible optimality.

In the general case, a numerical computation of p(t) is
necessary. Figure 6 shows typical primer magnitude histories
corresponding to given area of the (T, </>) plane. Figure 7 gives
the complete domain of possible optimality for p = 1.52, as a
result of a systematic computation. This domain cannot13 include
parts of the axes $ = ± 2n and does not extend to infinity.

Fig. 6 Domains of improvement through terminal coasting.

-2*

Fig. 5 Function Ae(?,-<t>) [maxima and minima are relative to
Ar(t = const, $)]. Fig. 7 Domain of possible optimality for two-impulse rendezvous.
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Honmann

Fig. 8 Generating domain and generated wedge.

Terminal Coast and Two-Impulse Trajectories
If a coasting period is allowed on the initial or final orbit,

candidate trajectories for a given set of data (T0»0o) are no

longer unique. They belong to an infinite set of trajectories
(C)TC0T(C), each corresponding to some TC0 T trajectory.
These TC0 T trajectories fill a finite-surface domain, denoted
"generating-domain" in Fig. 8 and to each generating trajectory
corresponds some At;. Within the generating domain, Au's may or
may not be upper bounded (they are if all T'S are >0) and
may or may not take stationary values.

A variational approach to the choice of the least At; generating
trajectory was presented by Handelsman8 so that candidate
generating trajectories can be found at mutual intersection of
loci-H-co.A6 = 0 or/and at the intersection of these loci with
the boundaries of the generating domain. A maxima-minima
approach would, in addition, check all the boundaries,7 but, it
will not be used here. Then, if no "variational candidate" is
available, no coast is contemplated and the solution is the
standard TC0 T trajectory. Assuming, for iq and 00, the proper
generating trajectory found at TO*, 00* (with a corresponding
At;0*), this selected trajectory belongs to the generating domains
of all points (T, $) of an unbounded "generated wedge," as
shown in Fig. 8, and At?0* is an upper bound for the
characteristic velocity of (C)TC0 T(C) trajectories in the wedge.

Let the domain where (C)TC0 T(C) trajectories improve upon
TC0 T trajectories be referred to as "terminal coast domain." It
is bounded by the loci H-a).A,e = 0, as the presence of one of
these in the generating domain has been declared necessary. In
this domain, shown in Fig. 6, the function At;(i,0) is much
affected. From what has been said concerning the generated
wedge, equal — At; contours cannot close in on themselves, and
actual contours are straight lines.8 These remarks hold for any
terminal coast domain disregarding the number of impulses of
the generating trajectories. But the terminal coast domain should
not be identified to (P0)2 + , for these can be (C)TC0T(C)
trajectories improving upon TC0 T but yet not as much as 3 or
4 impulse trajectories. Therefore, the possible optimality of
(C)TC0 T(C) trajectories has to be checked. To the TC0 T part
of such a trajectory corresponds a given primer vector \(t); as
seen above. A first necessary condition is therefore that
p(t)<; 1, along this part, i.e., that TC0Te(PO)2. The primer
vector along the circular arc is defined by using two necessary
conditions6 so at the connecting impulse, A+ = A~ and
A+ = A". Here again, the only necessary condition which can be
violated is that upon the primer magnitude along the coasting
arc. As for the generating trajectory, it belongs to one of the loci
H — CO^Q — 0 which, for vacant terminals, partly belong to the
border of (P0)2, in the neighborhood of point H. Let points
where these loci leave (P0)2 be called "splitting points." Eligible
generating must therefore belong to a curved segment going
from H to one splitting point. Two straight lines issuing from
these points are a first bound to the (P0)2 + domain.

©.Infinite coasting time

V t
!). Infinite coasting time

. Finite coasting time

Fig. 9 Typical p(t] histories
for two-impulse TC0 T

trajectories.

). Zero coasting time

Uneligible generating
transfer

Before p(t) is computed on the circular arc, a first check can
be made at the connecting impulse. Noting that 8'13

the second derivative can be expressed as
p(t.) = AT(ti)(G)A(ri)+Ar(rf) • A(^)

if
p(tt) > 0, p(ff + |e|) > 1 for 0 < e ̂  1.

and the circular arc is nonoptimal. The point where p(tt) = 0 on
H — coi he = 0, called here "extreme point," is another bound to
eligible generating trajectories. But, as p(t.) > 0 => p(tt- \s\) > 1.,
the extreme point is either identical to the splitting point or
already outside (P0)2. Therefore, it is not a constraining bound.
It is yet a useful concept, as we shall see further. Assuming
p(tj) ^ 0 there is necessarily a time & during which all necessary
conditions are met on the coasting arc, i.e. p(t£ + e) < 1.. In the
general case, p(t) ^ 1. during a finite interval of time tmc as
illustrated in Fig. 9®. Boundary conditions at time f f [A(r£) and
A(t;)] enable an easy computation of the maximum coasting
time t = co~^6 , which in turn gives T = Tft* + r . 6mp =me i i me' (~l me u me7 < me
00* + 0wc. Any trajectory constructed with the generating
trajectory TC0 T(TO*, <£0*) and a coasting arc larger than the
defined maximum is nonoptimal and susceptible of improvement
by use of an extra impulse. For a Hohmann-connected circular
leg, tmc can grow to infinity:13 if p < 15.6, p(t) ^ 1. for all t's with
p(t) = 1 when t = 2kn/a)t (Fig. 10 ©); if p > 15.6, p(t) > 1 when
t = kn/a)i and therefore tmc < n/cot. If the circular leg is con-
nected to a near-Hohmann trajectory, set \l/{ = e <^ 1 and

with
which can be expressed as

and, for p < 15.6, p2(2kn./^ = l-6e(l + 2ri
3x.H)2/c7i + 0(e2) with

k < 0 (>0) for an initial (final) coasting arc. As %iH > 0,
p2(2/c7c/coi) = l-6a2e2/c7r + 0(£2) initial coast s = \l/l<Q, k < 0,
final coast £ = \j/2 > 0, k> 0, therefore, ke > 0 and for p2(t) to be
greater than one requires k of the order of e"1. When e->0,
k -> oo and tmc -> oo (Fig. 9 ©).
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Fig. 10 Examples of domains
of possible optimal coast (not to

scale).

Extrtmt point
point

b)

In all cases, tmc takes its maximum value when the generating
trajectory is in H and decreases to reach zero when the
generating trajectory is at the extreme point. (P0)2+ is thus
bounded by 1) the loci H — co.^0 = 0, 2) the Hohmann wedge
(which can be cast apart), and 3) the computed limits (tmc, <^c).
If the extreme point merges with the splitting point, as in Fig. lOa,
these three boundaries define (PO)2+. Should the two points be
distinct, a fourth boundary would be found at the straight lines
issuing from the splitting points, as shown in Fig. lOb. Numerical
computations, for p = 1.52, could not separate the two points.

As a conclusion, if the total number of impulses is arbitrarily
limited to two, terminal coasting enables substantial reductions of
At; over a large domain of the (T, 0) space (Fig. 6). But as a
solution to the general problem of n-impulse optimal rendezvous,
(C)TC0 T(C) trajectories are stationary in a strongly reduced
domain (P0)2 + . It is divided in two distinct parts by the
Hohmann wedge and goes to infinity for p < 15.6 (This result
is similar to this of Prussing10'11) but for p > 15.6 both (PO)2 i
and the Hohmann wedge are bounded domains.

timing of the middle impulse are arbitrary and make three
independent variables which can be used to describe all possible
solutions: for a given set of these variables, the problem is
reduced to two Lambert's problems and the solution is unique.
The question, then, is to find the minimum for Au. Here again,
there is no analytic solution available and numerical direct
methods are necessary in order to solve this parametric optimiza-
tion problem. Here a finite-difference second gradient method
was used to determine AI;(T,$) as shown in Fig. 11. Gradient
methods require a starting trajectory. Wherever there exists a
TC0 T trajectory (i.e., when |O| ̂  2n), or a (C)TC0 T(C) trajec-
tory (i.e., when — 2n ̂  (/> ^ cot T + 27i), which can be regarded as
special cases of TC0 TC0 T trajectories, they provide the required
initial trajectory. Therefore, three-impulse solutions cannot but
improve upon corresponding Ay's. (Note that it is not true in the
Hohmann wedge where CTC0 TC trajectories cannot be dupli-
cated by some TC0 TC0 T trajectory) and constant Ay contours
for TC0 TC0 T can therefore not be closed contours. In
accordance with the theory, an improvement has been made
upon the value of Ay everywhere outside of (PO)2 and (P0)2 f .
But, starting from the TC0 T solution, the program has some
difficulties in duplicating circular coasting arcs in (PO)2 + , near
the Hohmann wedge. The obtained At; is larger than what could
be expected, and in general, there is nothing either to confirm or to
disprove the uniqueness of the solution (for circular terminals).
The radius at second impulse is shown in Fig. 12. To the left of
the Hohmann wedge it is less than r1? the theoretical value in
the corresponding part of (PO)2 + . To the right of the wedge, it is
larger than r2.

Once the minimum — Ay solution selected, the adjoint system is
computed along both legs of the trajectory. For almost all com-
puted primer magnitude histories, max [p(0] > 1. This, as well as
jumps in the values of H and le computed separately on both
legs, indicate the nonoptimality of the selected trajectories. How-
ever, if the arguments of the optimum Ay have not been found,
the function itself is very close to its optimal value.14 This
shows the great sensitivity of the adjoint variables to non-
optimality. Recently, an analytical expression for the gradient in
the parametric space has been presented,9 using the primer vector
analysis, and corresponding computational methods14 are, by far,
quicker and more efficient than standard direct methods.

Princeton University computer center
TOTAL TRAVEL ANGLE

70

410

Fig. 11 Characteristic velocity for three-impulse trajectories (heavy
line notes E(i, <£) = 0).

Three-Impulse Trajectories
There is a three-dimensional infinity of three-impulse trajec-

tories matching a set of data (T, 0), among which there is no
simple choice. In this three-dimensional space, there can be an
indefinite number of maxima and minima for Aa Position and

100 200 300 (days) 400

Fig. 12 Radius at middle-impulse of three-impulse TC0 TC0 T
trajectories.

Conclusion
A quantitative and qualitative description of the characteristic

velocity corresponding to all two-impulse TC0 T trajectories has
been made. The domain of possible optimality for such trajec-
tories has been computed which shows it is a closed domain. The
effect of optional terminal coast is described and the domain in
which they can be optimal is defined. It is a two-parts, narrow
domain extending on both sides of the Hohmann wedge. As this
wedge does, it goes to infinity (when p < 15.6) or not. Wherever
the primer vector analysis gives two-impulse trajectories as non-
optimal, three-impulse trajectories have yielded some improve-
ment upon At?, and in that case only. However computations of
TC0 TC0 T trajectories have been neither accurate nor extensive
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enough to enable the estimation of (P0)3. This domain should not
extend to infinity as four-impulse trajectories are necessary when
(j) > 4n and optimal when T -» oo. A complete computation of
(PO)3 and (PO)4 is called for to ascertain whether or not four
impulses are sufficient in the nonlinear case.15 Such are the
questions left open about impulsive rendezvous, to say nothing of
the uniqueness of the solutions found, which, in spite of the
present results, can be questioned.7
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Orbital Eccentricity and Angular Momentum
Management Scheme Stability

RONALD A. MAYO*
The Bendix Corporation, Navigation and Control Division, Denver, Colo.

The class of angular momentum management schemes considered in this paper consists of a large attitude maneuver
followed by a sequence of trim maneuvers. The characteristic equation is derived for general momentum sampling,
switching logic, and system gains. The satellite orbital parameters are assumed arbitrary and in the neighborhood of
the reference orbit. For a specific sampling scheme, the sampled momentum by the nth orbit is shown to converge to
the sum of the classical Neumann series on momentum space augmented by the initial CMG cluster momentum. For
small eccentricity, a linear (first order in eccentricity) management scheme stability analysis is presented. These
studies are combined in a derivation of the range of eccentricity for which the continuous time CMG momentum
remains bounded within the saturation limit of the momentum exchange device for arbitrary angular position of
perigee. The results are extended to allow variation in the mean orbital radius.

Nomenclature

K(a, s, 6P) = linear operator on momentum space
g(0, e, Op) — disturbance momentum accumulation per orbit

after first orbit; sampling scheme (2)
g(0, e, Op) = disturbance momentum accumulation for first orbit

only; sampling scheme (2)
(0, s, Op) = true orbital parameters
A,B,C = control functions (switching logic and system gains)

dependent on 0
0 = angular position of vehicle in orbital plane with

respect to XR
go = acceleration of gravity at R0
R0 = mean radius of Earth
r = distance from Earth's center to center of mass of

vehicle
r = unit vector directed from center of Earth to center

of mass of vehicle
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/ = inertia tensor of vehicle
M0, M£, M0 = linear operators on momentum space
M,,MC/
Mjk = linear operator having representation with respect

to Xv, YV,ZV axes consisting of all zeros except
(j, k) element which equals one

<&(0) = transition matrix on momentum space
F*(z), C*(z) = 3 x 3 transition matrices in z-transform domain
Q(a, e, Op) = $M9(dt/dO)dO linear operator on momentum space;

J denotes integration on desaturation period
[(2n + l)n, 2(n + In); Q(a, &, Op) is independent of n

n = uncontrollable vector torque (independent of con-
trol functions) during desaturation period

MeH0(2nn) = controllable vector torque (dependent on control
functions) during desaturation period

He(0) = error momentum; sum of disturbance momentum
plus controllable vector momentum

i = integration over complete orbit
£R, YR,ZR = ATM reference system (Fig. 1 and Fig. 2)
Xb, Yb, Zb = principal axes of satellite inertia tensor
Xv, Yv, Zv = vehicle axes; the principal axes are coincident with

the vehicle axes only during experimental hold
mode

II • || = the Euclidean norm on momentum space


